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Dynamic Estimation: Incorporate the physical laws in the estimation
process to reduce the number of sensors needed.
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Overview

@ Poart I: Estimation in Distributed Dynamic Environments
@ Measurement Schemes
@ Modeling Uncertain Dynamics: Linear PDE + Process Noise
@ Unknown Boundary Conditions
@ Case Study: Dynamic Acoustic Tomography

© Part Two: Optimal Path Planning
@ Design Objective
@ Optimal Control Problem in Continuous Space-Time
@ Necessary Conditions of Optimality: State & Costate Equations
@ Case Study: Pointwise Sensor Path Design on 1D Heat Equation
@ Current & Future Work
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Pointwise Measurement Scheme

1(x, t): unknown field to be
estimated in space x and time t

Sensor 7

[ ]
p(t)

p(t): sensor position
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Pointwise Measurement Scheme

1(x, t): unknown field to be
estimated in space x and time t

Sensor 7

[ ]
p(t)

p(t): sensor position

Measurement Equation: m(t) = C,(;)¥(t)

Coyh == Y(p(t); t)

Pointwise Evaluation
Operator

Maurice Filo (UCSB) June 4, 2018 4/18



Tomographic Measurement Scheme: Line Integrals

Transceiver j
ewr(t)

[p(t): time varying line
parametrized by p(t)

>
z7,(t)
Transceiver 2

Maurice Filo (UCSB) June 4, 2018 5/18



Tomographic Measurement Scheme: Line Integrals

Transceiver j
_exr(t)

[p(t): time varying line
parametrized by p(t)

>
(1)
Transceiver 2

Measurement Equation: m(t) = C,)¥(t)

/

Line Integral
Operator

Co(t)¥ ::/ ¥(x; t)dx
oo
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Modeling Uncertain Dynamics: Linear PDE + Process Noise

i E{w(x, )w (&, 7)} =P(x, €)d(t — 7)

Spatial Correlation /

of PDE Model
00 = 00 U 00y Uncertainty
Dynamics: Lap(t) = AY(t) + w(t); ¥(0) = 1o
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Unknown Boundary Conditions as " Process Noise”

7 E{w(x, t)w"(&,7)} = P(x,£)o(t — 7)

00 = 00 U 00y

Dynamics: Lap(t) = AY(t) + w(t); (0) = o
BC: Y(t) = 1p(t) a%fb(t) = p(t)
oQp 2197
Dirichlet Neumann
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Unknown Boundary Conditions as " Process Noise”

7 E{w(x, t)w"(&,7)} = P(x,£)o(t — 7)

00 = 00 U 00y

Dynamics: Lap(t) = AY(t) + w(t); ¥(0) = o
BC: U(t)| = vp(t) FO(®)] = vn(t)
9Qp I
Up 5
£¢<t) = Aip(t) +w(t) | m
— [ M) =Cpy¥(t) +ve(t)
VN
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Unknown Boundary Conditions as " Process Noise”

7 E{w(x, t)w"(&,7)} = P(x,£)o(t — 7)
E{wp(x, t)wp(&,7)} = Po(x,£)é(t — 7)
E{wn(x, t)wn(§,7)} = Pu(x, £)8(t — 7)

00 = 00 U 00y

Dynamics: Lap(t) = AY(t) + w(t); ¥(0) = o
BC: w0 =vo)  Ze| = ua)
é)QD BQN

— 1

wp EG)”(O = Ap¢dp(t) + Bpwp(t)

Yp(t) =Cpépl(t oD
BC Process ¥o(t) =Coén() %w(t) = A(t) + w(t) m
Noise A m(t) = Cpyto(t) + velt

0;)1‘0‘\((2%) = Anon(t) + Bywn(t) VN ® " )d’( )+ eel)

N YN (t) = Cnon(t)
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Case Study: Dynamic Acoustic Tomography

Q
(0, H) Y(w, H,t) = ¥p,(2,1) (L,H)

= ) o /
= o
= I
2 =
il 2y =a(2 + 2 =

¥ = o Tz )V T 2
= -
S 5
ES O {

(0,0) D 4h(2,0,8) =0

¥(0,y,t) =20+ 10sin <

¥(x, H,t) =30 — 10sin <
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(L,0)

Unknown, Time-Varying Dirichlet BC
(Heated Walls)

Homogeneous Neumann BC
(Insulated Walls)

i t
24 x 60

T t
24 x 60
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Case Study: Dynamic Acoustic Tomography

Q
OH) (e Hi)=vp,(et) / (LH)

= ) o /

= I

8 =

I mu=a(§;+%)w+w 3

= -

S 5

= o0 {

(0,0) D 4p(x,0,t) =0 (L,0)

@ Ultrasonic transceivers measure the Time of Flight of sound waves.
@ Time of Flight depends on the line integral of the temperature field.
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Case Study: Dynamic Acoustic Tomography

<
X
Zas\Y,

9 / — y
Ew(t) = AY(t) + w(t)
m(t) = Copy(t) + velt)

0
(0,H) Y(a, H,t) = dp, (2,1) (L, H) (0, H)
= ) o /
= I
8 =
- _ 92 92 =
g az“‘a<w+w>w+w 5
S 5
= o0 {
(0,0) 20(x,0,) =0 (L,0) (0,0)
9
wp &Op(t) =Ap¢p(t) + Bpwp(t)
Up(t) = Cpép(t) ¥
5
%m () = Avon (@) + Bywn ()| [ on
N Un(t) =Cnon(t)
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(0,H) P(z, H,t) = ¥p,(x,t) (L, H) (0, H)

: ) o

/|-

\E I
1| &v=a(E+&)v+w |3
S )
= =iz
= o0y {
(0,0) Z4(2,0,) =0 (L,0) (0,0)

wp
—

0,
aff)r)(/«) =Apop(t) +Bpwp(t)

bp(t) = Cpop(t)

(L H)
NS Sc 7
\\\\ \}\\:\////
VSRY \ <</
4<c> J :/\\
=, (v 43/3
W ST
A%i 4/X>VAX/
e SZ8)\
<k S 4\1/\1;1})
K7 > <</X
/ N B7ARE
1, N\
BN\ £
w 0
YD 9
— ) (t A (t) + w(t m
Shu(t) = Au(t) + ()

m(t) = Cpy¥(t) +ve(t)

E{wp(x, t)wp(§,7)} = Pp(x, §)8(t—7)
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Case Study: Dynamic Acoustic Tomography

Q
(0,H) P(z, H,t) = ¥p,(x,t) (L, H)
. ) o / Design Parameters of the Uncertain BC:
= = .
3 T @ wc: Time scale
g & .
1| gv=a(&+&)v+w |2 @ a;: Magnitude
~ o ‘
= F\ @ oj: Correlation length
=) QS
=S a0y {
(0,0) 2 (x,0,t) =0 (L,0)
. w
wp %fﬁr)(/«) =Apop(t) +Bpwp(t) l
¥p(t) =Cpop(t) i d
Low Pass _— 5% (1) = Au(t) +w(h) m
Filter: w. m(t) = Cpeydb(t) + ve(t)
Po 0 g
PD |: 01 7)D:| PD,—(X,‘E):Q,‘G 7i ’ I:172
2
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Perfect Knowledge of the Diffusion Coefficient

True Temperature Estimated Temperature

30 4 10
9
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z v
Relative Error @ t =0hrs,0min o Relative Error Norm
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PR 2 10"
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Perfect Knowledge of the Diffusion Coefficient

>,
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Severe Perturbation in the Diffusion Coefficient

>,
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© Part Two: Optimal Path Planning
@ Design Objective
@ Optimal Control Problem in Continuous Space-Time
@ Necessary Conditions of Optimality: State & Costate Equations
@ Case Study: Pointwise Sensor Path Design on 1D Heat Equation
@ Current & Future Work
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Design Objective

P(x,t): augmented state space variable
w(x,t) : augmented process noise
v(t) : measurement noise

Augmented Dynamics:
0
aw(x, t) = Ayp(x, t) + w(t);  ¥(x,0) = Po(x)
m(t) = Cpr)(x, t) + v(t)

— Goal: Design the path p(t) to minimize the estimation error in some

Sense.
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Optimal Control Problem in Continuous Space-Time

~

P(x, t) — Optimal State Estimate
e(x, t) = (x, t) — P(x, t) — Estimation Error
E{e(x,t)e"(&,7)} = X(x, & t)o(t—1) —> Estimation Error Covariance
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Optimal Control Problem in Continuous Space-Time

~

P(x, t) — Optimal State Estimate
e(x, t) = (x, t) — P(x, t) — Estimation Error
E{e(x,t)e"(&,7)} = X(x, & t)o(t—1) —> Estimation Error Covariance

— trace(X(t)) = E{/e*(s, t)e(¢, t)dg} = E{|le()|I7,}

Maurice Filo (UCSB) June 4, 2018 13/18



Optimal Control Problem in Continuous Space-Time

B(x, t) — Optimal State Estimate
e(x, t) == Y(x, t) — 1/3(’( t) — Estimation Error

E{e(x,t)e"(§,7)} -
— trace(X(t)) = E{/e*(s, t)e(¢, t)dg} = E{|le()|I7,}

Objective: @ Design{p(t)} to minimize tr(X)
@ Add some penalty on the sensors’ mobility

X(x, & t)(t—717) — Estimation Error Covariance
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Optimal Control Problem in Continuous Space-Time

%ZAJ(X, t) — Optimal State Estimate
e(x, ) == P(x, t) = P(x, 1) — Estimation Error
E{e(x,t)e(§,7)} :=
= trace(X(t)) = E{/ e*(&, t)e(€, t)d€} = E{|le(t)lIZ,}
Objective: @ Design{p(t)} to minimize tr(X)

@ Add some penalty on the sensors’ mobility

i ! ! U 1u TR.u
Lo /0 <tr()((t))+22(t) Quz(t) + Su(t) R, (t)) dt

Dynamics of 9 X =AX + XA +Q— XC*R 1CPX; X(0) = X

Error Covariance 8t

X(x, & t)(t—717) — Estimation Error Covariance

4 )

d
Sensor —z = Fz+ Gu; z(0) = zo
Dynamics dt
\_ p = Hz )
Deterministic Optimal Control Problem
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Necessary Conditions of Optimality: States & Costates

@ Covariance State & Costate: X «+—— )

a * * —
50 = AX + XA+ Q- XCIR le,x; X(0)=0

0
5V = (A= LpCo) Y+ V(A= LCp) + T V(tr) =0

where L, := 2‘((3,,,‘?*1 is the Kalman Gain.
o Sensor State & Costate Equation: z <— )\

%Z:szL Gu; (u=—R;1GT)); z(0)=0
—%)\ — FTA4 Quz— HTH (XW,X);  A(t) =0

where W, := ap(C* Cp) and p = Hz
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Case Study: Sensor Path Design on 1D Heat Equation

0 sVl t) = adzd(nt) v, t)/L
D(0,1) = ¥, (1) p(b\ (L, t) = Pp, (1)

Sensor
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Case Study: Sensor Path Design on 1D Heat Equation

o 2y(a,t) = aly(@,t) + w(z,t) /L
$(0,1) = ¥, (1) 1)®\ UL, 1) =ty (1)

Sensor

Approximate Optimal Sensor Path: !
@ Discretize time: t, := kA

@ Given p(tx_1) and X(txk_1), compute p(tx) that minimizes:

) X(t)+ & (p(tk)_Ap(tk—1)>2
N

Mobility Penalty

J(p(tx))

Estimation Error

1
Related to Choi, H. L., & How, J. P. (2010). Continuous trajectory planning of mobile sensors for informative forecasting.
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Case Study: Sensor Path Design on 1D Heat Equation

cut off frequency: f, BC Process Noise Variance: Pp, and Pp,

Q
e P

0(0,t) = Up, (1) p(ﬁ\ (L, t) = ¥p,(t)

Sensor

Approximate Optimal Sensor Path: !
@ Discretize time: t, := kA

@ Given p(tx_1) and X(txk_1), compute p(tx) that minimizes:

) X(t)+ & (p(tk)_Ap(tk—1)>2
N

Mobility Penalty

J(p(tx))

Estimation Error

1
Related to Choi, H. L., & How, J. P. (2010). Continuous trajectory planning of mobile sensors for informative forecasting.
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Case Study: Sensor Path Design on 1D Heat Equation
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Case Study: Sensor Path Design on 1D Heat Equation
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Case Study: Sensor Path Design on 1D Heat Equation

30

Temperature Estimation

20

T(x,t)

10
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Case Study: Sensor Path Design on 1D Heat Equation

20 Temperature Estimation 5 Sensor Trajectory
4
20
= =3
= S2
10
1
0 0
0 1 2 3 4 5 0 2 4 6 8 10 12
T t, [hrs]
20 Temperature Estimation Sensor Trajectory
20
&
10
0 ©
0 1 2 3 4 5
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Case Study: Sensor Path Design on 1D Heat Equation

20 Temperature Estimation 5 Sensor Trajectory
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Case Study: Sensor Path Design on 1D Heat Equation

30

Temperature Estimation

20

T(x,t)

10

30

2 3
z
Temperature Estimation

20

T(a,t)

10

z
Temperature Estimation

30

20

T(,t)

10
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Current & Future Work

Understand the structure of the State/Costate Differential Equations
Devise efficient numerical methods
Cooperative multi-agent path planning

Further generalizations to nonlinear distributed dynamical systems

Application to Navier-Stokes Equations
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Questions?
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Kalman Filter Set up

— Key: Absorb the modeled dynamics of the unknown boundary
conditions.

P w
Ye = |dp We 1= |wp
oy wy
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Kalman Filter Set up

— Key: Absorb the modeled dynamics of the unknown boundary

conditions.
P w
e 1= {cbo we 1= |:WD]
oy wy

{wc(t) = -Ac¢c(t) + Wc(t); wc(o) = ¢c0
m(t) = [Cp(t) 0] ¢C(t) + Vc(t)
E{wc(x,t)wi(x,7)} = Qc(x,x)0(t —7) — Process Noise

E{ve(t)v] (1)} = RO(t — 1) — Measurement Noise
A 0 0 Puw 0 0
.Ac =10 .AD 0 Qc = 0 BDPDB*D 0
0 0 Ay 0 0 BuyPuBj
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