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E [w(t)w∗(τ)] := W(t)δ(t− τ)
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Goal: What are the conditions of MSS?
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0 = t0 t1 ... ti ti+1 ... tN−1 tN = T

Deterministic:

T∫
0

v(t)dt := lim
N→∞

N−1∑
k=0

v(t̄i)

(
ti+1 − ti

)
; ∀t̄i ∈ [ti, ti+1]

Itō:
T∫

0

v(t) �I dw(t) := lim
N→∞

N−1∑
i=0

v(ti)

(
w(ti+1)− w(ti)

)
Stratonovich:

T∫
0

v(t) �S dw(t) := lim
N→∞

N−1∑
i=0

v

(
ti + ti+1

2

)(
w(ti+1)− w(ti)

)
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dw du y
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

dγ1

. . .
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
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�S

dw du y

dr

M

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dγ1(t)

. . .

dγn(t)


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�I
1
2M(0) ◦ Γ

E [dγ(t)dγ∗(t)] := Γdt; y(t) =

∫ t

0
M(t− τ)du(τ);

“ ◦ ”is the Hadamard (element-by-element) product

The two stochastic block diagrams are “equivalent in the mean-square sense”.
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“ ◦ ”: Hadamard Product;

E [du(t)du∗(t)] = U(t)dt;

E [dr(t)dr∗(t)] = R(t)dt;

Stochastic Block Diagram Deterministic Covariance Block Diagram
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t→∞
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Necessary & Sufficient Conditions of Mean-Square Stability:

Forward Block is Stable (Finite H2-norm)

Spectral Radius of L is strictly less than 1, ρ(L) < 1
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Lt(U) := Γ ◦
(∫ t

0
M(t− τ)U(τ)M∗(t− τ)dτ

)
, L := lim
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Two important quantities related to L:

Spectral Radius: ρ(L)

Worst-Case Covariance: L(Û) = ρ(L)Û (Perron-Frobenius “Eigen-matrix”)
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Application: Stochastic Instabilities in the inner ear!

Filo, M., & Bamieh, B. (2017, December). Investigating cochlear instabilities using
structured stochastic uncertainty. In Decision and Control (CDC), 2017 IEEE 56th
Annual Conference on (pp. 1634-1640). IEEE.
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(
dγ(t)

)
y(t) +Bdw(t)
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State space realizations
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(
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)
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Extends and unifies the analysis for systems M:

State space realizations

Infinite dimensional systems with finite number of multiplicative disturbances

Systems with delays

Future Direction: Extend the analysis for

Colored disturbances

Spatially distributed disturbances with symmetries.
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