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Motivation: transient dynamics are ALSO important

Arbitrary plant in feedback with Antithetic Integral Controller (AIC) 1

1Briat, C., Gupta, A., & Khammash, M. (2016). Antithetic integral feedback
ensures robust perfect adaptation in noisy biomolecular networks. Cell systems,
2(1), 15-26.
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Approach 1: Optimal Parameter Tuning

Approach 2: Control Architectures
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Controller

ẋ = f(x, u); x(0) = x0

y = h(x)

ż = g(z, y; Θ); z(0) = z0

u = κ(z, y; Θ)

u
J
y

Θ

Desired Response

t

yr(t)

τ T

yss

J =
T∫
0

(y(t)− yr(t))2 dt
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Dynamically Constrained Optimization Problem

minimize
Θ

J (y; Θ) Cost Function

subject to





ẋ = f(x, u, w); x(0) = x0

y = h(x) Plant Dynamics

ż = g(z, y, v; Θ); z(0) = z0

u = κ(z, y, v; Θ) Controller Dynamics
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ż = g(z, y, v; Θ); z(0) = z0

u = κ(z, y, v; Θ)

y =M(Θ)



Conversion to an Unconstrained Optimization Problem

M. Filo, M. Khammash (ETHz) CDC, 2019 December 11, 2019 4 / 11

Plant

Controller
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(Abstract) Unconstrained Optimization

minimize
Θ

J (M(Θ); Θ) =: J(Θ)
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(Abstract) Unconstrained Optimization

minimize
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J (M(Θ); Θ) =: J(Θ)
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(Abstract) Unconstrained Optimization

minimize
Θ∈Rp

J (M(Θ); Θ) =: J(Θ)

Abstract NCO

(Directional Derivative) ∂JΘ̄(Θ̃) = 〈∇JΘ̄, Θ̃〉Rp = 0, ∀Θ̃ ∈ Rp
(Gradient) ∇JΘ̄ = 0
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)
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(
∂MΘ̄(Θ̃)

)
+ ∂ΘJ(ȳ;Θ̄)(Θ̃)

=
〈
∇yJ(ȳ;Θ̄), ∂MΘ̄(Θ̃)

〉
+
〈
∇ΘJ(ȳ;Θ̄), Θ̃

〉
Rp

=
〈
∂M∗Θ̄

(
∇yJ(ȳ;Θ̄)

)
, Θ̃
〉
Rp

+
〈
∇ΘJ(ȳ;Θ̄), Θ̃

〉
Rp
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〈
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(
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)
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〉
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∇yJ(ȳ;Θ̄)

)
, Θ̃
〉
Rp

+
〈
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+∇ΘJ(ȳ;Θ̄), Θ̃

〉
Rp

= 〈∇JΘ̄, Θ̃〉Rp

∂JΘ̄(Θ̃) = ∂yJ(ȳ;Θ̄)
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+∇ΘJ(ȳ;Θ̄), Θ̃

〉
Rp

= 〈∇JΘ̄, Θ̃〉Rp

∂JΘ̄(Θ̃) = ∂yJ(ȳ;Θ̄)
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∇yJ(ȳ;Θ̄), ∂MΘ̄(Θ̃)

〉
+
〈
∇ΘJ(ȳ;Θ̄), Θ̃

〉
Rp

=
〈
∂M∗Θ̄

(
∇yJ(ȳ;Θ̄)
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∇yJ(ȳ;Θ̄)

)
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+∇ΘJ(ȳ;Θ̄), Θ̃

〉
Rp

= 〈∇JΘ̄, Θ̃〉Rp

∂JΘ̄(Θ̃) = ∂yJ(ȳ;Θ̄)
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)
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〉
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(
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〈
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〉
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=
〈
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(
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〉
Rp

= 〈∇JΘ̄, Θ̃〉Rp
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(Abstract) Unconstrained Optimization

minimize
Θ∈Rp

J (M(Θ); Θ) =: J(Θ)

Abstract NCO

(Directional Derivative) ∂JΘ̄(Θ̃) = 〈∇JΘ̄, Θ̃〉Rp = 0, ∀Θ̃ ∈ Rp
(Gradient) ∇JΘ̄ = 0

Gradient: ∇JΘ̄ = ∂M∗
Θ̄

(
∇yJ(ȳ;Θ̄)

)
+∇ΘJ(ȳ;Θ̄)
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(Abstract) Unconstrained Optimization

minimize
Θ∈Rp

J (M(Θ); Θ) =: J(Θ)

Abstract NCO

(Directional Derivative) ∂JΘ̄(Θ̃) = 〈∇JΘ̄, Θ̃〉Rp = 0, ∀Θ̃ ∈ Rp
(Gradient) ∇JΘ̄ = 0

Gradient: ∇JΘ̄ = ∂M∗
Θ̄

(
∇yJ(ȳ;Θ̄)

)
+∇ΘJ(ȳ;Θ̄)

Operator Form Differential Equations Form

M : Rp → L2
m[0, T ] ȳ =M(Θ̄) Forward Nonlinear DE

∂MΘ̄ : Rp → L2
m[0, T ] ỹ = ∂MΘ̄(Θ̃) Forward Linear DE

∂M∗
Θ̄

: L2
m[0, T ]→ Rp Θ̂ = ∂M∗

Θ̄
(ŷ) Backward Linear DE
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(Abstract) Unconstrained Optimization

minimize
Θ∈Rp

J (M(Θ); Θ) =: J(Θ)

Abstract NCO

(Directional Derivative) ∂JΘ̄(Θ̃) = 〈∇JΘ̄, Θ̃〉Rp = 0, ∀Θ̃ ∈ Rp
(Gradient) ∇JΘ̄ = 0

Gradient: ∇JΘ̄ = ∂M∗
Θ̄

(
∇yJ(ȳ;Θ̄)

)
+∇ΘJ(ȳ;Θ̄)

Operator Form Differential Equations Form

M : Rp → L2
m[0, T ] ȳ =M(Θ̄) Forward Nonlinear DE

∂MΘ̄ : Rp → L2
m[0, T ] ỹ = ∂MΘ̄(Θ̃) Forward Linear DE

∂M∗
Θ̄

: L2
m[0, T ]→ Rp Θ̂ = ∂M∗

Θ̄
(ŷ) Backward Linear DE

∴ ∇JΘ̄ = 0⇐⇒
{
χ̇ = F (χ; Θ̄); χ(0) = χ0

ξ̇ = A(χ; Θ̄)ξ + b(χ; Θ̄); ξ(T ) = ξT

Parameter-Dependent
TPBVP
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Gradient: ∇JΘ = ∂M∗Θ
(
∇yJ(y;Θ)

)
+∇ΘJ(y;Θ)
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Gradient: ∇JΘ = ∂M∗Θ
(
∇yJ(y;Θ)

)
+∇ΘJ(y;Θ)

Iterative Numerical Method: Θi+1 = Θi + αidi
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Gradient: ∇JΘ = ∂M∗Θ
(
∇yJ(y;Θ)

)
+∇ΘJ(y;Θ)

Iterative Numerical Method: Θi+1 = Θi + αidi

Gradient Descent: di = −∇JΘi
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Gradient: ∇JΘ = ∂M∗Θ
(
∇yJ(y;Θ)

)
+∇ΘJ(y;Θ)

Iterative Numerical Method: Θi+1 = Θi + αidi

Gradient Descent: di = −∇JΘi

Conjugate Gradient Descent: di =





−∇JΘi i = 0

−∇JΘi +
||∇JΘi ||2
||∇JΘi−1 ||2

di−1 i > 0
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X1 X2

Z1 Z2φ

φ

φ φ

µ

η

k θ

δ1 δ2
k1

Actuating Sensing

θ µ = 10θ
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X1 X2

Z1 Z2φ

φ

φ φ

µ

η

k θ

δ1 δ2
k1

Actuating Sensing

θ µ = 10θ

lim
t→∞

x2(t) = µ
θ
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X1 X2

Z1 Z2φ

φ

φ φ

µ

η

k θ

δ1 δ2
k1

Actuating Sensing

θ µ = 10θ

lim
t→∞

x2(t) = µ
θlim

t→∞
x2(t) = µ

θ = 10

∀θ
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In 1D: GD = CGD

Convergence in 9 iterations
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X1 X2

Z1 Z2

k1

φ

φ

φ φ

φ φ

µ

η

k θ

δ1 δ2

γ γ

Actuating Sensing

k θ



Application to Antithetic Integral Controller, Example 2

M. Filo, M. Khammash (ETHz) CDC, 2019 December 11, 2019 9 / 11

X1 X2

Z1 Z2

k1

φ

φ

φ φ

φ φ

µ

η

k θ

δ1 δ2

γ γ

Actuating Sensing

k θ

lim
t→∞

x2(t) 6= µ
θ
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X1 X2

Z1 Z2

k1

φ

φ

φ φ

φ φ

µ

η

k θ

δ1 δ2

γ γ

Actuating Sensing

k θ

lim
t→∞

x2(t) 6= µ
θlim

t→∞
x2(t) 6= µ

θ

≈ µ
θ

for small γ
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GD
CGD
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Two Take-Home Messages

Transient biomolecular dynamics also matter

There is no way around proper tuning of biomolecular controllers
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Thank you!
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