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@ Stochastic Stability: Structured Stochastic Uncertainty



Mean-Square Stability & Structured Stochastic Uncertainty
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Mean-Square Stability & Structured Stochastic Uncertainty
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Mean-Square Stability & Structured Stochastic Uncertainty
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Mean-Square Stability & Structured Stochastic Uncertainty

Goal: What are the conditions of MSS?
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Mean-Square Stability & Structured Stochastic Uncertainty

Goal: What are the conditions of MSS?
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Mean-Square Stability & Structured Stochastic Uncertainty

Goal: What are the conditions of MSS?
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Stochastic Block Diagrams
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Stochastic Block Diagrams
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Stochastic Block Diagrams

W M 4 dw Z
¥ Yy dr i Y
gl |:d",fl ]
Yo dym
E[y(@)y*(r)] =Tt — 1) E [dy(t)dy*(t)] = Tdt
E[w(t)w(r)] = W(t)o(t — 7) E [dw(t)dw*(t)] = W (t)dt
White Process Representation Wiener Process Representation

(=[] = o] = e ]
dr(t) = Diag(d~(t))y(t).
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Stochastic Interpretations: 1to & Stratonovich
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Stochastic Interpretations: 1to & Stratonovich
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Stratonovich to Ito Conversion

dw du M Y dw_~ du ,/\/l Y

0 dm ) rq.(t) ] ]
. dr ot
<>S dAH <>I ()
sM(0) oI
t
E [dy(t)dy"(t)] := Tt ) = [ Mt~ r)du(r);
0

“0”is the Hadamard (element-by-element) product

The two stochastic block diagrams are equivalent in the mean-square sense!
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Loop Gain Operator & Mean-Square Stability
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E [dw(t)dw* ()] = W(t)dt E [dr(t)dr*(t)] = R(t)dt; “o”: Hadamard Product;

Stochastic Block Diagram Deterministic Covariance Block Diagram
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Loop Gain Operator & Mean-Square Stability

dw du .M Y

/M(t — 1) U(r)M*(t — )dr

aih

L¢
-
dr v :

E ToY(t) e
<>] dﬂ//z m

E [dvy(t)dy*(£)] = Tdt E[du(t)du*(t)] = Ut)dt;  E[yt)y* ()] =Y (®);

E [dw(t)dw* (t)] = W(t)dt E [dr(t)dr*(t)] = R(t)dt; “o”: Hadamard Product;

Stochastic Block Diagram Deterministic Covariance Block Diagram
t
L,(U):=To (/ Mt —7n)U(T)M*(t — T)dT) , L := lim L;
JO t—o0
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Loop Gain Operator & Mean-Square Stability

dw du M Y QVQVQ) U j Mt = m)U(r)M*(t —7)dr Y
Ly
dﬁy’]
dr
ToY(l) |«
<>] dﬂ/"/z m
E [dvy(t)dy*(£)] = Tdt E[du(t)du*(t)] = Ut)dt;  E[yt)y* ()] =Y (®);
E [dw(t)dw* ()] = W (t)dt E [dr(t)dr*(t)] = R(t)dt; “o”: Hadamard Product;
Stochastic Block Diagram Deterministic Covariance Block Diagram

t
L,(U):=To (/ Mt —7n)U(T)M*(t — T)dT) , L:= tlim Ly
Jo o0

Necessary & Sufficient Conditions of Mean-Square Stability:
e Forward Block is Stable (Finite H?-norm)
@ Spectral Radius of LL is strictly less than 1, p(L) < 1
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Loop Gain Operator & Mean-Square Stability

/M(t — 1) U(r)M*(t — )dr

E [du(t)du*(t)] = U(t)dt;
E [dr(t)dr*(t)] = R(t)dt; “o”: Hadamard Product;

Deterministic Covariance Block Diagram

E [dy(t)dy*(t)] = Tdt
E [duw (t)dw* ()] = W(t)dt
Stochastic Block Diagram

—
o
=
=
A

t
T'o (/ Mt —7n)U(T)M*(t — T)dT) , L:= tlim L;
Jo —00

Two important quantities related to L:

@ Spectral Radius: p(LL)

PhD Dissertation Defense

@ Worst-Case Covariance: L(U) = p(L)U (Perron-Frobenius " Eigen-matrix" )
Maurice Filo (UCSB)

Ely®)y" ()] = Y (®);

June 8, 2018



Concluding Remarks & Future Work

M

dw du A‘B Y
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dm
dr .
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SDE: dy(t) = Ay(t)dt + BDiag (dw(t))y(t) + Bdw(t)
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Concluding Remarks & Future Work

M

dw du A‘B Y
170

dm
dr .
dn

SDE: dy(t) = Ay(t)dt + BDiag (dw(t))y(t) + Bdw(t)
Extends and unifies the analysis for systems M:

@ State space realizations
@ Infinite dimensional systems with finite number of multiplicative disturbances

@ Systems with delays
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Concluding Remarks & Future Work

M

dw du A‘B Y
170

dm
dr .
dn

SDE: dy(t) = Ay(t)dt + BDiag (dw(t))y(t) + Bdw(t)
Extends and unifies the analysis for systems M:

@ State space realizations
@ Infinite dimensional systems with finite number of multiplicative disturbances

@ Systems with delays
Future Direction: Extend the analysis for
@ Colored disturbances

@ Spatially distributed disturbances with symmetries.
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© Instabilities in the Cochlea



Brief Physiology, the Ear

Malleus .
Stapes Auditory nerve

Cochlea

Pinna
Tympanic membrane
(eardrum)

External auditory canal
(ear canal)

Outer Ear Middle Ear Inner Ear

Source: http://www.byronshvhearing.com/
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Brief Physiology, the Cochlea

1600 Hz

base &
tectoria

basilar 800 Hz
membranes

400 Hz

scala

vestibuli 200 Hz

100 Hz

50 Hz

25Hz

‘ tympani

uncoiled
cochlea

helicotrema
apex

tympanic stapes
membrane

35[mm]

Cochlea is simply a mechanical spectrum analyzer

Source: Biophysical Parameters Modification Could Overcome Essential Hearing Gaps
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Spontaneous Response: Cochlear Instabilities

The ear is an active device that can produce sound!

e Spontaneous Otoacoustic Emissions (SOAE)
(Not necessarily perceived)

A
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Spontaneous Response: Cochlear Instabilities

The ear is an active device that can produce sound!

e Spontaneous Otoacoustic Emissions (SOAE)
(Not necessarily perceived)

A

4
e Tinnitus: Symptoms of Hearing Loss Diseases
(Perceived as harsh and consistent ringing)
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Spontaneous Response: Cochlear Instabilities

— Can be modeled as instabilities in stochastic cochlear dynamics...

e Spontaneous Otoacoustic Emissions (SOAE)
(Not necessarily perceived)

N\ (
@ [l/
&, i
LMY g S 8 Ty |
- . 9"

4
e Tinnitus: Symptoms of Hearing Loss Diseases
(Perceived as harsh and consistent ringing)
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Biomechanical Model

: eardrum pressure
: stapes displacement
: fluid pressure

: BM displacement

plx,t) = =[Myil](z,t) — [Msi](x,1)
where:
M and M are linear spatial operators

tectorial &
basilar
membranes

cross section

uncoiled
cochlea

eardrum
stapes

35[mm]
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Biomechanical Model

: eardrum pressure

: stapes displacement
: fluid pressure

: BM displacement

R RERE LI E LI L L L L L LR : v(x,t) : TM displacement

tectorial &

Soctar ~v(z) : gain coefficient

(9(w)] (2,1) = roithes

cross section

G: active gain mechanism:

uncofted small u — higher negative damping
cochlea
— large gain
UM s (gives wide dynamic range!)

35[mm]
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Biomechanical Model (with stochastic uncertainty)

. eardrum pressure

: stapes displacement
: fluid pressure
: BM displacement

R IO Cochlea
E p(x,t iz, :
: Fluids pl.t) Membranes ( ).
: { il ;
: or !

Coactar y(x) : gain coefficient

membranes

. — _@)+3(z.t)
cross section [g(u)] (SC, t) —_— 1_"_’;[@"(1 )](Z’,t)
el = A(z,t) : Random Field

eardrum
stapes

35[mm]
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MSS Analysis of the Cochlea

2 (@-9?

v(z, t) = F(z) + (=, t) Covariance: E [¥(z,t)3(&,7)] = /\me 222 §(t—T)
1 s Unstable
0.8r 210_4
5001 z Stable
< 04r A
0.2F Eglo's
0 ; ; ; ; ; ; = ; ; ; ; ; ;
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35

z, [mm)] Correlation Length A, [mm]
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MSS Analysis of the Cochlea

2 (@-9?

Aa,t) = 3(@) +@,t)  Covariance: E[§(a,03(,7)] = ——e B2 6(t—7)
A 2T
1 w table
osl g Unstable
’ < 10
30.67 3 Stable
< 04r A
02t 2.10°%
0 . . . . . . = . . . . . .
0 5 10 15 20 25 30 35 0 5 10 15 20 25 30 35
z, [mm)] Correlation Length A, [mm]
f [kHez]

103 5.1 25 1.2 05 02 0.02
0.02

o 20 10.3 51 25 12 05 0.2 0.02
5 04 7R
i é 0.2r n
< E Avn
= vu
570,2*
% s 10 15 20 25 30 35 2 o4 ‘ o [mm], ‘ ‘
2 [mml Aa o] 5 10 15 20 25 30 35
Uz : worst case covariance 15t eigenfunction of U(z
) )
of membrane displacement (1%t term in K-L expansion)
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Stochastic Simulation of the Nonlinear Cochlear Dynamics

1
0.5 -

0- -
0 5+ 1l il
3 30 e 200
35 30 o5 150

25 20 15 10 o s0 100
z [mm] t [ms]

u(x,t) : Basilar membrane displacement at location x and at time ¢.

u( z t) [nm]
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Stochastic Simulation of the Nonlinear Cochlear Dynamics
f [kHz] 1 |‘I|

20 103 5.1 25 1.2 05 02 0.02
35 0.0

u(z,t) [nm]

05 L
-1 200
. — 330 25 59 5 100 150
N 0 5 50
EZO _i x [mm)] 00 t [ms]
=15
w “
<— Empirical Covariance
0 20
0 5 10 15 20 25 30 33 ty
2 [mml 1
Uemp ~ — U(I, T)u(f, T)dT
ty
0
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Stochastic Simulation of the Nonlinear Cochlear Dynamics

£ [kHz]
25 12 05 02 0.02
0.0

20103 5.1
35

[
f [kHz]

0 20
0 5 10 15 20 25 30 35
2 [mml|
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20 103 51 25 1.2 05 02 0.02
35 0.02

£ 20 -

g Z
15

wr [

20
0O 5 10 15 20 25 30 35
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<— Empirical Covariance

ty
1
Uemp ~ E/U(I,T)U(f,T)dT

<— Predicted Worst-Case Covariance
Simulation-free analysis using the loop gain
operator.

13 /34



Stochastic Simulation of the Nonlinear Cochlear Dynamics

O Theoretical
« Empirical

103 51 25 12 20 103 51 25 12

7Tk g 04 7 k]
£ o2}
IAA E 0 VAA Py
v ‘5 )
E-02f
=}
‘ | @ o], | | %04 « (]
5 10 15 20 25 30 35 o 5 10 15 20 25 30 35

103 51 25 12 0.5 0.2 0.02 B 20 103 51 25 12 0.5 0.2 0.02
' ; i15:0 foa : ; T IRE]
=
= 02
I
AN Dy E 0
Z
E-02
8
S " SO I S S
5 10 15 20 25 30 35 ] 5 10 15 20 25 30 35

No significant difference: Nonlinearity only saturates the unstable response!
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Implications for Control

@ Cochlear Models are extremely sensitive to stochastic uncertainties

@ Linearized MSS analysis appears predictive of the instabilities

@ Can it be used for “control design”?
e e.g. design input signal with minimal volume to suppress instabilities?

Maurice Filo (UCSB) PhD Dissertation Defense June 8, 2018 14 /34



© Function Space Approach to Optimal Control Problems



Problem Formulation: Function Space Approach

T
minximize J(x,u) = ;/0 ¥ (t)Qx(t) + u* (t)Ru(t) dt

subject to &(t) = f(x(t),u(t)); «(0) ==
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Problem Formulation: Function Space Approach

minxizﬂze J(x,u) = ;/OT ¥ (t)Qx(t) + u* (t)Ru(t) dt
subject to &(t) = f(x(t),u(t)); «(0) ==
Define:
z = [ﬂ ; r=H(u)
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Problem Formulation: Function Space Approach

minxizﬂze J(x,u) = ;/OT ¥ (t)Qx(t) + u* (t)Ru(t) dt
subject to &(t) = f(x(t),u(t)); «(0) ==
Define:
z = [ﬂ ; r=H(u)
Then:
minizmize J(z) = %(z,Hz) H = [%2 ]%]

subject to x = H(u)
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Problem Formulation: Function Space Approach

minxizﬂze J(x,u) = ;/OT ¥ (t)Qx(t) + u* (t)Ru(t) dt
subject to &(t) = f(x(t),u(t)); «(0) ==
Define:
z = [ﬂ ; r=H(u)
Then:
minizmize J(z) = %(z,Hz) H = [%2 ]%]

subject to x = H(u)

Unconstrained Optimization: 7 (u) := J(H(u), u) = } <[H&u)] H [ng)b
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Problem Formulation: Function Space Approach

minmimize J(z,u) = ;/OT ¥ (t)Qx(t) + u* (t)Ru(t) dt
subject to &(t) = f(x(t),u(t)); «(0) ==
Define:
z = [ﬂ ; r=H(u)
Then:
minizmize J(z) = %(z,Hz) H = [%2 ]%]

subject to x = H(u)

Unconstrained Optimization: 7 (u) := J(H(u), u) = } <[H&u)] H [ng)b
@ First Order Method: Gradient Descent — Cheap but Slow Convergence
@ Second Order Method: Newton — Fast Convergence but Expensive
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Problem Formulation: Function Space Approach

T
minmimize J(z,u) = ;/0 ¥ (t)Qx(t) + u* (t)Ru(t) dt
subject to &(t) = f(x(t),u(t)); «(0) ==

Define:

u

z = [ﬂ ; r=H(u)
Proposed Method: Keep cost functional & Dynamics separate!

S 1 Q 0
minimize J(z) = §<2,H2> H = [O R]
subject to x = H(u)
Dynamical Constraint Set (Trajectories Manifold):

r=Hu) <= zeM /\/l:{,z:(x,u):m:?-[(u)}
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Problem Formulation: Function Space Approach

T
minxizﬂze J(x,u) = ;/0 ¥ (t)Qx(t) + u* (t)Ru(t) dt

subject to &(t) = f(x(t),u(t)); «(0) ==
Define:
=1 = H(u)
2= ] x=H(u
Proposed Method: Keep cost functional & Dynamics separate!

S 1 Q 0
minimize J(z) = §<2,H2> H = [O R]
subject to z e M

Dynamical Constraint Set (Trajectories):

r=H(u) <= zeM M:{z:(x,u):m:H(u)}
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Precondition Constrained-Gradient Descent (PCGD)

1
minimize  J(z) = §<Z,HZ>

subject to z € M
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Precondition Constrained-Gradient Descent (PCGD)

1
minimize  J(z) = §<Z,HZ>

subject to z € M

Two Key ideas:

— Two different types of projections
— Preconditioning the state-control space (z-space)

Maurice Filo (UCSB) PhD Dissertation Defense June 8, 2018 16 /34



Key ldea 1: Projections...

minizmize J(z) = %(z,z> (H=1)

subject to z € M
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Key ldea 1: Projections...

minizmize J(z) = %(z,z> (H=1)

subject to z € M

O
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Key ldea 1: Projections...

minizmize J(z) = %(z,z> (H=1)

subject to z € M

//M
)
\—/ M: Dynamical Constraints Manifold

O
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Key ldea 1: Projections...

minizmize J(z) = %(z,z> (H=1)

subject to z € M

M

M: Dynamical Constraints Manifold

=T evel sets of
J(2) =1z, 2)
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Key ldea 1: Projections...

1
minimize  J(z) = §<z,z> (H=1)
subject to z € M

x
1al Solution M

S

M: Dynamical Constraints Manifold

O\

LA
—Level >(“ts of

J(z) =5(z, 2)
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Key ldea 1: Projections...

1
minimize  J(z) = §<z,z> (H=1)
subject to z € M

x

Optifnal Solution . V/M
\J\J M: Dynamical Constraints Manifold

Initial Guess

~—TLevel >(“ts of

J(z) =5(z, 2)
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Key ldea 1: Projections...

1
minimize  J(z) = §<z,z> (H=1)
subject to z € M

x

Optial Solution /M
2k M: Dynamical Constraints Manifold

k™ iteration

~—TLevel >(“ts of

J(z) =5(z, 2)
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Key ldea 1: Projections...

1
minimize  J(z) = §<z,z> (H=1)
subject to z € M

x

Optifnal Solution v/'/\/l
2k @ M: Dynamical Constraints Manifold

@ 0OJ: Gradient at Current lteration
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Key ldea 1: Projections...

minizmize J(z) = %(z,z> (H=1)

subject to z € M

T

Optifnal Solution v/'A/l
/ 2k 7 @ M: Dynamical Constraints Manifold

@ 0OJ: Gradient at Current lteration

@ T, M: Tangent Space of M at zj,

T " —=Level sets of
- J(2) =3(z,2)
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Key ldea 1: Projections...

minimize  J(z) =
z
subject to z € M

x

Optifnal Solution M

. / Zk V/,,
M, aa(=0)— T~ M

——0J = —2z;

Uu

~—=Tevel sets of

| J(z) =5(z, 2)

1
§<z,z> (H=1)

@ M: Dynamical Constraints Manifold

@ 0OJy: Gradient at Current Iteration

@ T, M: Tangent Space of M at zj,

"] HT%JM: Linear Tangent Space Projection Operator
("]
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Key ldea 1: Projections...

1
minimize  J(z) = §<z,z> (H=1)
subject to z € M

x

Optilnal Solution v/'/\/l
2k g, @ M: Dynamical Constraints Manifold

M, (=0 T~ .M

— 0J}: Gradient at Current Iteration
L1 ——0J, = —2;

'[3;‘ M: Tangent Space of M at zj,

HT%JM: Linear Tangent Space Projection Operator

.. Step size at current iteration

|
S5
~
¥
I~
® 6 66 o o

~~evel sets of

J(z) =5(z, 2)
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Key ldea 1: Projections...

minizmize J(z) = %(z,z> (H=1)

subject to z € M

x
Optifnal Solution /M
@ M: Dynamical Constraints Manifold
!
A @ 0OJy: Gradient at Current Iteration
2k h ——0J = —z
N / \ N Pum @ T, M: Tangent Space of M at 2y,
s 12k — aullr ()’/’;1‘ "] HT%JM: Linear Tangent Space Projection Operator
NS ) ’
- @ «: Step size at current iteration
I 1 ‘ @ Paq: Nonlinear Trajectory Projection Operator
—Level sets of

J(2) =35(z, 2)
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Key ldea 1: Projections...

minizmize J(z) = %(z,z> (H=1)

subject to z € M

x
Optial Solution

/ 2%
M, pa(—0Jp)— |+t
T‘*M( [’)\x @ M: Dynamical Constraints Manifold

@ 0OJ: Gradient at Current lteration

'[3;‘ M: Tangent Space of M at zj,

HT%JM: Linear Tangent Space Projection Operator
.. Step size at current iteration

P Nonlinear Trajectory Projection Operator

Zpa1 = 2k — ayll 0J,
For Spherical Level Sets: ke k Ak Tsz( k)
2k+1 = Pm (Zky1)

Maurice Filo (UCSB) PhD Dissertation Defense June 8, 2018 17 /34



Special Case: Linear Dynamics

minimize  J(z) = %(z,z>

subject to z € M M :={z=(z,u): & = Az + Bu; z(0) = x0}

X

=T ovel sets of

(~) / A N\
J(z) =3(%,2)
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Special Case: Linear Dynamics

minimize  J(z) = %(z,z>

subject to z € M M :={z=(z,u): & = Az + Bu; z(0) = x0}

T
Optifnal Solution

~~evel sets of

~\ [/ n A\
J(z) = 3(z, 2)
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Special Case: Linear Dynamics

minimize  J(z) = %(z,z>

subject to z € M M :={z=(z,u): & = Az + Bu; z(0) = x0}
T
Opti nz\l‘Suhniun

20 M
- —0Jy=—2

U

—t

~~evel sets of

~\ [/ n A\
J(z) = 3(z, 2)

Converges in one iteration with step size a = 1!

Maurice Filo (UCSB) PhD Dissertation Defense June 8, 2018 18 /34



Special Case: Linear Dynamics

minimize  J(z) = %(z,Hz) (H#1)
subject to z € M M :={z=(z,u): & = Az + Bu; z(0) = x0}
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Special Case: Linear Dynamics

minizmize J(z) = %(z,Hz) (H#1)

subject to z € M M :={z=(z,u): & = Az + Bu; z(0) = x0}

X

Ellipsoidal level sets: does not converge in one iteration!
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Key ldea 2: Preconditioning...

1
minimize  J(z) = §<Z,HZ>

subject to z € M
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Key ldea 2: Preconditioning...

1
minimize  J(z) = §<Z,HZ>

subject to z € M

Linear Transformation W: 2/ = W (=z)
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Key ldea 2: Preconditioning...

1 1
minimize  J(z) = §(z,Hz> minimize  J'(z') = §<Z/’Z/>

subject to 2z € M subject to 2 € M’

Transformation W: 2/ = W (z)
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Key ldea 2: Preconditioning...

1 1
minimize  J(z) = §<Z,HZ> minimize J'(2) = §<Z/’Z/>
z 2!
subject to 2z € M subject to 2 € M’
x/

\ S | -Ellipsoidal Level Sets S -Spherical Level Sets

Transformation P: 2/ = W (2)
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Key ldea 2: Preconditioning...

1 1
minimize  J(z) = §(z,Hz> minimize  J'(z') = §<Z/’Z/>

subject to 2z € M subject to 2 € M’

x/

" >=Spherical Level Sets

":'llwl =z, — akHTz;CM’ (8‘]I/c)
Zt1 = Pmo wt (illc+1)
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Key ldea 2: Preconditioning...

1 1
minimize  J(z) = §(z,Hz> minimize  J'(z') = §<Z/’Z/>

subject to 2z € M subject to 2 € M’

x/

AN

> Ellipsoidal Level Sets . -Spherical Level Sets

k1 = 2k — oyl M (H'0J) B =2 — ally, pr (0.J7)
Zkr1 = Pm(Zr11) Zk1=PpmoW™! (73/,g+1)
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Key ldea 2: Preconditioning...

1
minimize  J(z) = §<Z,HZ>

Maurice Filo

(UCSB)

subject to z € M

\fol \

. 1 a z
Optimal Solution HTA.M(*/«I-)
H
117, m gy

7H7‘0J/. = —z

- H N
2 — apllf (2

=z — Il (H 0T,

P Zrs1)

PhD Dissertation Defense

June 8, 2018 19 /34



Computational Load

Zkt1 = 2k — akH%kM (H_laJk)

21 = Pm(Zk41)

° H{ﬁsz : Solve a linear two point boundary value problem
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Computational Load

{2k+1 =2, — akH%kM (H_laJk)

21 = Pm(Zk41)

° H?ZkM : Solve a linear two point boundary value problem

® Pa(Zk+1): Solve the system dynamics
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Computational Load

{2k+1 =2, — akH%kM (H_laJk)

21 = Pm(Zk41)

° H?ZkM : Solve a linear two point boundary value problem

® Pa(Zk+1): Solve the system dynamics
@ No Costate Equation!
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Computational Load

{2k+1 =2, — akH%kM (H_laJk)

21 = Pm(Zk41)

° H?ZkM : Solve a linear two point boundary value problem

® Pa(Zk+1): Solve the system dynamics
@ No Costate Equation!

@ No second derivatives of the dynamics!
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Example: Comparison with the Standard Gradient Descent

minimize J(ac,u):%/o [19()* Qu(t)| + Ru(t)] dt

subject to m%w(t): [Ho + Vu®)]p(t);  $(0) = o
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Example: Comparison with the Standard Gradient Descent

minimize J(ac,u):%/o [19()* Qu(t)| + Ru(t)] dt

subject to m%w(t): [Ho + Vu®)]p(t);  $(0) = o

10°

S

—GD
--PCGD ||

100 L

log(J — Jmin)

0 50 100
Iteration Number
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@ Optimal Path Planning for Mobile Sensors



Source: gifsboom.net
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Dynamic Estimation: Incorporate the physical laws in the estimation
process to reduce the number of sensors needed.
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Pointwise Measurement Scheme

1(x,t): unknown field to be
estimated in space x and time ¢

Sensor 7

[ ]
p(t)

p(t): sensor position
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Pointwise Measurement Scheme

1(x,t): unknown field to be
estimated in space x and time ¢

Sensor 7

[ ]
p(t)

p(t): sensor position

Measurement Equation: m(t) = C,)v(t)

Pointwise Evaluation
Operator
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Tomographic Measurement Scheme: Line Integrals

Transceiver j
ewr(t)

['p): time varying line
parametrized by p(t)

>
z7,(t)
Transceiver 2
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Tomographic Measurement Scheme: Line Integrals

Transceiver j
ewr(t)

['p): time varying line
parametrized by p(t)

>
z7,(t)
Transceiver 2

Measurement Equation: m(t) = C,¥(t)

Cp(t)i/J = w(w;t)dm

/ 0)

Line Integral
Operator
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Modeling Uncertain Dynamics: Linear PDE + Process Noise

E(w(z, yw" (&, 7)] = P(x, £)0(t — 7)

Spatial Correlation /

of PDE Model
00 = 00 U 00y Uncertainty
Dynamics: FU(t) = Ap(t) +w(t); $(0) = o
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Unknown Boundary Conditions as “Process Noise”

Ew(x, )yw" (&, 7)] = P(z, £)d(t — 7)

00 = 00 U 00y

Dynamics: ZU(t) = Ap(t) + w(t); $(0) = 1o
BC: Yt)|  =uplt)  gru)|  =vn()
o0p 0N
Dirichlet Neumann
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Unknown Boundary Conditions as “Process Noise”

E[w(z, )yw" (&, 7)] = P(z, £)d(t — 7)

Dynamics:

BC:

Maurice Filo

(UCSB)

00 = 00 U 00y

Lap(t) = Ap(t) + w(t);

P(t)

p

= ¢p(t) Za(t)

=Yn(t)
00N

(1) = AY(t) + w(t)
m(t) = Cpyp(t) +ve(t)

PhD Dissertation Defense

June 8, 2018
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Unknown Boundary Conditions as “Process Noise”

E [w(e, t)w" (€,7)] = P(x,£)8(t — 7)
E[wp (@, wh (€, 7)] = Pp(w, £)8(t — 7)
E [wx (2, thwk (€, 7)] = P (2, £)5(t — 7)

n

00 = 00 U 00y

Dynamics: Z0(t) = Ap(t) + w(t); $(0) = o
BC: ()| =dp(t) ()| =vn(t)
o0 90N

— |

wp EG)”(O = Apoép(t) + Bpwp(t)

» =Cpopl(t ¥
BC Process ¥o(t) =Coén() 0 1) = Av(t) + w(t) m
Noise : [—>0t (0) = Cyp ) + ()

0{—1(,’)‘\:(2‘,) = Anon(t) + Bywn(t) VN o ‘

o Yn(t) = Cyon(t)
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Case Study: Dynamic Acoustic Tomography

)
(0,H) (x, H,t) = ¥p,(x,t) (L,H)
Q‘)zm,) / Unknown, Time-Varying Dirichlet BC
5;; S (Heated Walls)
j %w=a<a‘?—;+a‘9—;>w+w E
e 00 { Homogeneous Neumann BC
(0,0) Zp(a,0,1) = 0 (L.0) (Insulated Walls)
$(0,y,t) = 20 + 10si T4
= "\ 24°% 60
s
:, H,t) = 30 — 105si t
1/}(‘17 Y ) SHL <24X6O >
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Case Study: Dynamic Acoustic Tomography

0
(0,H) P(z, H,t) = ¥p,(x,t) (L, H) (L, H)

= ) 9 /

= o /

Il nY =« W+W v+ w

= -

= NE
= o0y {

(0,0) D 4h(2,0,8) =0 (L,0)

@ Ultrasonic transceivers measure the Time of Flight of sound waves.
@ Time of Flight depends on the line integral of the temperature field.
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Case Study: Dynamic Acoustic Tomography

<
X
Zas\Y,

9 / — y
Ew(t) = AY(t) + w(t)
m(t) = Copy(t) + velt)

Q
(0, H) Y(w, H,t) = ¥p,(2,1) (L,H) (0, H)
= ) o /
= I
2 =
- _ 92 92 =
- Go=a(fa+dn)vro S
S 5
S Bl {
(0,0) Z4(2,0,) =0 (L,0) (0,0)
w o t)y=A (t)+B (t)
) Z%OD = Ap®p DWD .
¥p(t) =Cpép(t) -
5
%m (t) = Axon(t) + Byun ()| [0
o Un(t) = Cyon(t)

Maurice Filo (UCSB)
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Case Study: Dynamic Acoustic Tomography

Q

(0, H) U(w, H,t) = ¥p,(z,t) (L, H) (0, H) (L, H)

= ) o /

= o /

= _ = 77

I atw=a<%+§?) o +w : )&

= 3 A

= |8 2z

S < <

= 0N N
(0,0) Z(x,0,t) =0 (L,0) (0,0) (L,0)

w
w 9 4p(t) = Apé(t) + Bowp(t
D (,)tfvr)(« = Apop(t) pwp(t) ’
¥p(t) = Cpén(t) ¥D 9
5 () = Ab(t) + w(t) m

m(t) = Cpy¥(t) +ve(t)

Elwp (@, t)wp(§,7)] = Pp(w,§)d(t—T)
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Case Study: Dynamic Acoustic Tomography

)
(0,H) P(z, H,t) = ¥p,(x,t) (L, H)
. ) o / Design Parameters of the Uncertain BC:
5 o .
3 T @ w.: Time scale
g - _
1| gv=a(&+&)v+w |2 @ a;: Magnitude
= = .
= > @ o;: Correlation length
=} DS
= 20y {
(0,0) 2 (x,0,t) =0 (L,0)
) w
wp %f;“)r)(/«) =Apop(t) +Bpwp(t) l
¥p(t) =Cpop(t) i d
Low Pass _— 5% (1) = Au(t) +w(h) m
Filter: w,. m(t) = Cpy¥(t) +ve(t)
(@=9)?
Pp 0 R .
PD:[ 0 Pp Pp,(x,§) =ae 7 5 i=1,2
2
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Estimation Performance with and without Perfect

Knowledge of the Diffusion Constant

Estimated Temperature

30 10
9
25
8
20
7
15
6
10 5
T
o Relative Error Norm
10
s =
O'i =
~ e
2 \\ = 4
<L 2 10t
y 0 o - 02 04 06 08 1
t, [hrs]
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Estimation Performance with and without Perfect

Knowledge of the Diffusion Constant
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Mobile Sensors: Design Objective

P(z,t) - augmented state space variable
w(z,t) : augmented process noise
v(t) : measurement noise

Augmented Dynamics:

% (2,1) = Ap(x, t) + w(t);  $(x,0) = o (x)

m(t) = Cp)¥(x,t) + v(t)

— Goal: Design the path p(t) to minimize the estimation error in some
sense.
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Optimal Control Problem in Continuous Space-Time

P(x,t) — Optimal State Estimate
e(x,t) == P(x, t) — ¥(x, t) — Estimation Error
Ele(x,t)e* (€, 7)] = X(x, & t)0(t —T7) — Estimation Error Covariance
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Optimal Control Problem in Continuous Space-Time

P(x,t) — Optimal State Estimate
e(x,t) == P(x, t) — ¥(x, t) — Estimation Error
Ele(x,t)e* (€, 7)] = X(x, & t)0(t —T7) — Estimation Error Covariance

. trace(A(1) = E [ e t>e<£,t)d4 —E[le(]2,]
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Optimal Control Problem in Continuous Space-Time

P(x,t) — Optimal State Estimate
e(x,t) == P(x, t) — ¥(x, t) — Estimation Error
Ele(x,t)e* (€, 7)] = X(x, & t)0(t —T7) — Estimation Error Covariance
— wace(¥(0) = E | [ (€ e(e. )| = et
Objective: @ Design{p(t)} to minimize tr(X)
@ Add some penalty on the sensors’ mobility
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Optimal Control Problem in Continuous Space-Time

P(x,t) — Optimal State Estimate
e(x,t) == P(x, t) — ¥(x, t) — Estimation Error
Ele(x,t)e* (€, 7)] = X(x, & t)0(t —T7) — Estimation Error Covariance

=@tmwwﬁ»=EL/€@ﬁd&w%}:EmdmﬁJ
Objective: @ Design{p(t)} to minimize tr(X)

@ Add some penalty on the sensors’ mobility

[ tf 1z TO,z lu TR
camin [ () + 307 Qust0) + Jul Raatt)) a

Dynamics of QX = AX + XA* +Q — XC;R_ICpX; X(0) = A

Error Covariance| Ot

4 )

d
Sensor —z = Fz + Gu; 2(0) = 2o
Dynamics dt
\. p=Hz J
Deterministic Optimal Control Problem
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Necessary Conditions of Optimality: States & Costates

@ Covariance State & Costate: X «+—— )

a * * D—
¥ = AX + XA+ Q- XCIR e, x; X(0)=0

0
*ay =(A- Epcp)*yJFy('A* LyCp) +T; Y(ty) =0

where L, := /'\.’C]DR_1 is the Kalman Gain.
o Sensor State & Costate Equation: z <— )

d
i Fz + Gu; (u=—R;'GTN); z2(0)=0
—%A = FTA+ Qo2 — HTtr (AW, XY); Ats) =0

where W, := %(C;R_ICP) and p=Hz
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Case Study: Sensor Path Design on 1D Heat Equation

0 Sp(a,t) = a%@b(w,t) + w(z, 1) ‘/L

¥(0,t) = ¥p, (1) p@)\ (L, t) = ¥p,(t)

Sensor
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Case Study: Sensor Path Design on 1D Heat Equation

cut off frequency: f,

0 Sp(a,t) = a%@b(w,t) + w(z, 1) ‘/L
¥(0,) = p, (1) p(?)\ (L, t) = ¥p,(t)

Sensor
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Case Study: Sensor Path Design on 1D Heat Equation

0

S0

x,t) =

cut off frequency: f,

a%@b(w,t) + w(z,t) ‘/L

¥(0,t) = ¥p, (1) p@)\ (L, t) = ¥p,(t)

Sensor
Temperature Estimation Sensor Trajectory
30 5
True
—— Estimated 4
20 © Sensor
= 3
= g
[ T2
10
1
0—© 0
0 1 2 3 4 5 0 2 4 6 8 10 12
x [hrs]
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Case Study: Sensor Path Design on 1D Heat Equation

cut off frequency: f,

0 Sp(a,t) = a%@b(w,t) + w(z, 1) ‘/L
¥(0,) = p, (1) p(?)\ (L, t) = ¥p,(t)

Sensor
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Case Study: Sensor Path Design on 1D Heat Equation

0 Sv(a,t) =

cut off frequency: f,

a%@b(x,t) + w(z,t) ‘/L

¥(0,t) = p, (1) P@)\

30

Temperature Estimation

Sensor

20

T(x,1)

10

(L f) - L)Dz

Sensor Trajectory

p(t)

o B N w A O

Maurice Filo
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PhD Dissertation Defense
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@ Understand the structure of the state/costate differential equations
@ Devise efficient numerical methods
@ Generalize to nonlinear distributed dynamical systems

@ Apply to Navier-Stokes equations
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