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Example 1: Heat Equation in Disordered Material

heater uniform 1D rod insulator
—}
X
20 (. t) =7 Oiap(x,t) L
¥(0,1) = u(t)
s.t
0 0(L,t) =0
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Example 1: Heat Equation in Disordered Material

heater “disordered” 1D rod insulator
8.z oz 224
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Example 1: Heat Equation in Disordered Material

or “disordered” 1D rod insulator
8 Ll L L
Lo e age i

multiplicative additive

E [f}/('La t)f}/(ga 7—)} =: F(l’, g)é(t - T)
Elw(z, )w(E, 7)) = W(x,§)o(t — )

heat

e
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Example 1: Heat Equation in Disordered Material

or “disordered” 1D rod insulator
e aaate aa

Ob(a,t) = 0y | (T + (1)) Buto(at)] +w(a, )

heat
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Example 1: Heat Equation in Disordered Material

heater “disordered” 1D rod insulator

z Nz z 23
0 ;; L

=75 02(z,t) + [0x I]~(2.1) [g‘g] P(x,t) +w(x,t)
——
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Example 1: Heat Equation in Disordered Material

heater “disordered” 1D rod insulator
8.z oz 224

op(z,t) = Ap(z,t) + By(z, t)C(x, t) + w(z,t)

e
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Example 1: Heat Equation in Disordered Material

heater “disordered” 1D rod insulator
8.z oz 224

op(z,t) = Ap(z,t) + By(z,t) Ch(z, t) +w(z,t)

y(z,t)
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Example 1: Heat Equation in Disordered Material

heater “disordered” 1D rod insulator
AN AT NA ﬁl
32 F

= AY(z,t) + By(z,t) C(z, t) +w(x,t)
H,_/

w(x,t =
M
y(x,t)
- . .

E (@, )77 (€,7)] = T, £)5(t — 7)
E[w(z, t)w* (&, 7)] = W(z,£)0(t — 7)
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Example 1: Heat Equation in Disordered Material

“disordered” 1D rod insulator

%\%%%Eﬁl
7 £

p(z,t) = AY(z,t) + By(z,t) Cp(z, t) +w(z, t)
——

y(,t) AlB 1
fw(;v,t) M=

heater

Two main questions:
. . . y(x,t)
@ Covariance signals remain  s——
bounded? Conditions? »
@ If not, what spatial modes grow N

the fastest?

Ey(z, )y (& 7)] = T(x,£)d(t — 7)
E[w(z, t)w*(&,7)] = W(z,£)0(t — 1)
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Example 2: Feedback Control

[z — ;)
0 i L -
iz 7 17
E - & - & ﬂ
controller ml
¥i + i (1) ’
at";b(x?t) = Oéagiﬁ(l‘at) - Z (’72 + 'Yi(t)) f(:E - xi)'@b(La t)
i=1
V()= [n) - wW®]" E[yn"(r)] = Té(t - 1)
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Multiple Settings

e Time of dynamics € {continuous, discrete}
@ Space of nominal dynamics € {continuous, discrete}

@ Space of structured stochastic uncertainty € {continuous, discrete}
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Overview

@ Problem Statement: |/O Structured Stochastic Uncertainty

@ Stochastic Block Diagrams

Block Diagram Conversion Between Stochastic Interpretations

Loop Gain Operator

Conditions for Mean-Square Stability

Application to State-Space Realizations

Final Remarks & Conclusion



Structured Stochastic Uncertainty: Input/Output Approach

Y1
Y () Tn
V()= | E[y@#)y ()] :==T6(t —7)
'Y'n,(t) E [w(t)w* (’7' ] - W(t)é(t - T)
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Structured Stochastic Uncertainty: Input/Output Approach

Additive >
Disturbance Y Yy
Y1
() n \ Multiplicative
Y(t) := E [y(t)y*(r)] := T8(t — 7) Disturbance
(1) E [w(t)w*(1)] := W()d(t — 7)
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Structured Stochastic Uncertainty: Input/Output Approach

Y

Additive
Disturbance Y Yy

<
<

In \ Multiplicative

11(t)
Disturbance

v(t) = Diag (1) )y (t).
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Mean-Square Stability & Structured Stochastic Uncertainty

Goal: What are the conditions of MSS?

/ w Z
Dégﬁﬁgr?co g Y
k!
n(t) Y \ Multiplicative
Y(t) == E[y(t)y*(r)] := T8(t — ) Disturbance
(1) E [w(t)w*(r)] := W()d(t — 7)

ﬂ = N - Liéi%] - [re-n ]
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Mean-Square Stability & Structured Stochastic Uncertainty

Goal: What are the conditions of MSS?

/ w Z

Dégﬁﬁgr?co Y )
B!

n(t) Y \ Multiplicative

Y(t) == E[y(t)y*(r)] := T8(t — ) Disturbance
(1) E [ ( )W* (T)] = ( ) (t - T)

RN )

z w w(T

ol =] = B = [

+(t) = Diag (1) )y(t).
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Mean-Square Stability & Structured Stochastic Uncertainty

Goal: What are the conditions of MSS?

/ w Z
Dégﬁﬁgr?co g Y
k!
n(t) Y \ Multiplicative
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Stochastic Block Diagrams

w A
I m |
¥ Y

T
YTL
E[y(t)y* ()] = To(t — 7)
E [w(t)w* ()] = W(t)o(t — 7)
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Stochastic Block Diagrams

w M Z dw dw M Z
¥ Yy dr i Y

M1 . dv dm . j

Ly Y s
n - dr
E [y(t)y*(r)] = T6(t — 7) YT a E [dv(t)dv* ()] = Tdt
E[w(t)w(r)] = W(t)o(t — 7) E [dw(t)dw*(t)] = W (t)dt

White Process Representation Wiener Process Representation

(=[] = o] = e ]
dr(t) = Diag(d~(t))y(t).
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Stochastic Interpretations: 1to & Stratonovich

dyi

A

dn

E [dy(t)dy* (1)) = Tdt
E [dw(t)dw* (t)] = W (t)dt

(=[] = o] = e ]
dr(t) = Diag(d~(t))y(t).
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Stochastic Interpretations: 1to & Stratonovich

dw Z
| M
dr i Y
dm
o € {0, 05} o

E[dy(t)dy(t )] =Tt
E [dw(t)dw™* (¢ W (t)dt

\]

-] ] - oo

dr(t) = Diag(dv(t)) o y(t).
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Recall: Stochastic Integrals

0=t t1 ti it tn—1 tn=T

N
[ 4 L 4 \ 4 @ @ @

@ Ito:
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Recall: Stochastic Integrals

0=t

o—

@ Determin

@ Ito:

@ Stratonov|

dr

t tiiq far 4 tN = T
._.
Z
M
> Y tit1]
d’\/l
. i))
o
E [dy(t)dy*(t)] = Tdt
E [dw(t)dw* (t)] = W (t)dt | w(ti))

T
IE
0
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Stratonovich to Ito Conversion

dw du M Y dw_~ du ,/\/l Y

. dr ot
oq d, o ®)
sM(0) oI
t
E [dy(t)dy"(t)] := Tt ) = [ Mt~ r)du(r);
0

“0”is the Hadamard (element-by-element) product

The two stochastic block diagrams are “equivalent in the mean-square sense” .
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Loop Gain Operator & Mean-Square Stability

t

(MU /M(t — UM (t = r)dr Y

dw du Y W
M 100 K 0d9q | 0004,

dm

dr

R ToY(t)

<>] dﬂ//z m

) E[du(t)du (1) = Ut Ely(t)y" ()] = Y1)
E [dw(t)dw* ()] = W(t)dt E [dr(t)dr*(t)] = R(t)dt; “o”: Hadamard Product;

Stochastic Block Diagram Deterministic Covariance Block Diagram
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Loop Gain Operator & Mean-Square Stability

dw du .M Y

/M(t — 1) U(r)M*(t — )dr

aih

dm

dr

—
o
=
=
A

<>] dﬂ//z m

E [dvy(t)dy*(£)] = Tdt E[du(t)du*(t)] = Ut)dt;  E[yt)y* ()] =Y (®);
E [dw(t)dw* (t)] = W(t)dt E [dr(t)dr*(t)] = R(t)dt; “o”: Hadamard Product;

Stochastic Block Diagram Deterministic Covariance Block Diagram

t
L,(U):=To (/ Mt —7n)U(T)M*(t — T)dT) , L:= tlim Ly
Jo o0
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Loop Gain Operator & Mean-Square Stability

dw du M Y QVQVQ) U j Mt = m)U(r)M*(t —7)dr Y
Ly
dﬁy’]
dr
ToY(l) |«
<>] dﬂ/"/z m
E [dvy(t)dy*(£)] = Tdt E[du(t)du*(t)] = Ut)dt;  E[yt)y* ()] =Y (®);
E [dw(t)dw* ()] = W (t)dt E [dr(t)dr*(t)] = R(t)dt; “o”: Hadamard Product;
Stochastic Block Diagram Deterministic Covariance Block Diagram

t
L,(U):=To (/ Mt —7n)U(T)M*(t — T)dT) , L:= tlim Ly
Jo o0

Necessary & Sufficient Conditions of Mean-Square Stability:
e Forward Block is Stable (Finite H?-norm)
@ Spectral Radius of LL is strictly less than 1, p(L) < 1
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Loop Gain Operator & Mean-Square Stability

dw du M Y QVQVQ) U j Mt = m)U(r)M*(t —7)dr Y
L¢
dﬁy’]
dr :
E ToY(t) e
<>] dﬂ/"/z m

E [dvy(t)dy*(£)] = Tdt E[du(t)du*(t)] = Ut)dt;  E[yt)y* ()] =Y (®);

E [dw(t)dw* (t)] = W(t)dt E [dr(t)dr*(t)] = R(t)dt; “o”: Hadamard Product;
Stochastic Block Diagram Deterministic Covariance Block Diagram

t
L,(U):=To (/ Mt —7n)U(T)M*(t — T)dT) , L := lim L;
Jo t—o0

Two important quantities related to L:

@ Spectral Radius: p(LL)

@ Worst-Case Covariance: L(U) = p(L)U (Perron-Frobenius “Eigen-matrix")
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Application to State-Space Realizations

dw ~ du A‘B Yy U / Y

CeAt=n BU(7) BreA =70 d

W
C Q00K 0099 ¥ n
L
d d’Yl ~—
r .
: R ToY(t)
dyn 2000

S0t E [du(t)du’ (1)) = Ut Ely(t)y" (1)) = Y (2):

E [dw(t)dw* (t)] = W (t)dt E [dr(t)dr*(t)] = R(t)dt; “o”: Hadamard Product;
Stochastic Block Diagram Deterministic Covariance Block Diagram
¢ *
Li(U):=To ( / CeA@T>BU(7)B*6A'(”>C*dT> ., L= lim L
Jo —00
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Application to State-Space Realizations

dw ~ du A‘B Yy U / Y

CeAt=n BU(7) BreA =70 d

W
C Q00K 0099 ¥ n
Ly
d 1 ~—
dr B )
- R ToY(t)
dyn 2000
E [dn(t)dy* (£)] = Tt E[du(t)du ()] = U(t)dt;  Ely(t)y* ()] = Y (2);
E [dw(t)dw* (t)] = W (t)dt E [dr(t)dr*(t)] = R(t)dt; “o”: Hadamard Product;
Stochastic Block Diagram Deterministic Covariance Block Diagram
¢ *
Li(U):=To ( / CeA@T>BU(7)B*6A'(”>C*dT> ., L= lim L
Jo — 00

R~ L(0) o {R:I‘O(CXC*)

0= A X + XA} + BUB*
where Aps := A and Agyar := A+ %B((CB) o I‘)C’
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Proofs & An Application

@ Discrete-Time Setting: Bamieh, B., & Filo, M. (2020). An input—output approach to

structured stochastic uncertainty. IEEE Transactions on Automatic Control.

o Continuous-Time Setting: Filo, M., & Bamieh, B. (2018). An input-output approach
to structured stochastic uncertainty in continuous time. arXiv preprint.

@ Stochastic Block Diagrams: Filo, M., & Bamieh, B. (2018). A block diagram

approach to stochastic calculus with application to multiplicative uncertainty analysis. IEEE CDC.
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Proofs & An Application

@ Discrete-Time Setting: Bamieh, B., & Filo, M. (2020). An input—output approach to

structured stochastic uncertainty. IEEE Transactions on Automatic Control.

o Continuous-Time Setting: Filo, M., & Bamieh, B. (2018). An input-output approach
to structured stochastic uncertainty in continuous time. arXiv preprint.

@ Stochastic Block Diagrams: Filo, M., & Bamieh, B. (2018). A block diagram
approach to stochastic calculus with application to multiplicative uncertainty analysis. IEEE CDC.

@ Application: Stochastic Instabilities in the inner ear!

17 34 5 6 7 B 3

— Filo, M., & Bamieh, B. (2017). Investigating cochlear instabilities using structured stochastic
uncertainty. IEEE CDC

— Filo, M., & Bamieh, B. (2020). Investigating Instabilities in the Mammalian Cochlea Using a
Stochastic Uncertainty Model. |IEEE Transactions on Molecular, Biological, and Multi-Scale
Communications.
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Concluding Remarks & Future Work

M

dw du A‘B Y
170

dm
dr .
dn

SDE: dy(t) = Ay(t)dt + BDiag (dw(t))y(t) + Bdw(t)
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Concluding Remarks & Future Work

M

dw du A‘B Y
170

dm
dr .
dn

SDE: dy(t) = Ay(t)dt + BDiag (dw(t))y(t) + Bdw(t)
Extends and unifies the analysis for systems M:

@ State space realizations
@ Infinite dimensional systems with finite number of multiplicative disturbances

@ Systems with delays
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Concluding Remarks & Future Work

M

dw du A‘B Y
170

dm
dr .
dn

SDE: dy(t) = Ay(t)dt + BDiag (dw(t))y(t) + Bdw(t)
Extends and unifies the analysis for systems M:

@ State space realizations
@ Infinite dimensional systems with finite number of multiplicative disturbances

@ Systems with delays
Future Direction: Extend the analysis for
@ Colored disturbances

@ Spatially distributed disturbances with symmetries.
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